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A SIMPLE THEORY OF DIFFERENTIAL CALCULUS
IN LOCALLY CONVEX SPACES
BY
RICHARD A. GRAFF

ABSTRACT. A theory of differential calculus for nonlinear maps between general
locally convex spaces is developed. All convergence notions are topological, and only
familiarity with basic results from point set topology, differential calculus in Banach
spaces, and locally convex space theory is assumed. The chain rule for continuous
kth order differentiability, smoothness of inverse functions, and function space
continuity properties of higher order derivatives are examined. It is shown that this
theory extends the classical Fréchet theory of differential calculus for maps between
Banach spaces.

Introduction. An open question for several decades has been whether it is possible
to develop a “nice” theory of C* differentiability for maps between general locally
convex spaces which extends the standard theory of Fréchet differential calculus for
maps between Banach spaces. Such a theory should have several properties:

(1) The class of C* maps should be closed under composition.

(2) Continuous linear and multilinear maps between locally convex spaces should
be C*.

(3) The theory should establish a framework for the study of inverse functions,
local flows for C* vector fields, and C*® partitions of unity.

(4) Proofs and concepts should be simple, and close to those from Banach space
Fréchet calculus.

We take an indirect approach to the solution of this problem. In [3], the author
developed an alternative approach to Banach space differential calculus, in which
derivatives are continuous with respect to the strong operator topology on spaces of
linear and multilinear maps rather than the uniform operator topology. However,
this theory (called %% calculus) was shown to be closely related to C* calculus, and
the notions of #* and C* differentiability were shown to coincide in the case
k = oo.

In this article, the notion of % * differentiability is extended to the general locally
convex setting. The chain rule is established for #* maps, continuous linear and
multilinear maps are shown to be #*, and &' inverses of ¥ maps are shown to
be £ ¥ differentiable.

After the development of basic #* calculus, C* differentiability is defined in
terms of %% differentiability, and the corresponding results are established for C*
calculus. It is shown that this C* calculus extends the notion of Banach space
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486 R. A. GRAFF

Fréchet calculus, and that the generalized notions of ¥ and C* coincide. In
addition, the function space properties of % and C* derivatives are examined.

§81 and 2 develop the basic proprties of & ¥ calculus (the reader will note that the
results of §1 are valid for maps between general linear topological spaces, locally
convex or not). §3 develops the function space properties of higher order derivatives
for maps on compactly generated domains. §4 reviews the basic results of ¥
calculus for maps between Banach spaces as developed in [3], as well as some new
results on the inverse function theorem for #* calculus. §5 defines C* differentia-
bility in the locally convex setting, develops the basic properties of C* calculus, and
establishes the relations between &% and C* differentiability. It is shown that this
notion of C* differentiability not only extends the theory of C* Banach space
Fréchet calculus, but also the theory of C* differentiability for maps between
D-spaces which was developed in [1,2]. We also note that our theory of &%
differentiability extends the notion of continuous kth order differentiability for
maps between Fréchet spaces developed as a framework for the Nash-Moser inverse
function theorem by Hamilton in [6].

1. Basic properties of %* calculus. Assume throughout this section that V, Z, Z
are linear topological spaces, W is openin V,U isopenin Z, f: W —» Z, g: U > Z.
We will let L(V, Z) denote the linear space of continuous linear maps from V' to Z.

More generally, if r > 2 and V,, ..., V, are linear topological spaces, L'(V;,...,V,; Z)
will denote the linear space of continuous r-linear maps from V; X --- XV, to Z.
For the special case of V' = V| = --- = V,, we shorten the notation for the space of

continuous r-linear maps to L'(V,Z). We do not assume the existence of any
topology on these spaces of linear and multilinear maps in this section, although we
will introduce topologies for these spaces in later sections.

1.1. DEFINITION. Let € > 0, r: (-,0) U (0,e)) X W - Z, y € W. We will say
that r(-, -) approaches zero in the y-direction as ¢t — 0, if lim, ., _, , r(z,w) = 0.

1.2. DEFINITION. Let x € W, | € L(V,Z). We will say that / is a (Hadamard)
derivative for f at x if, for each y € V, r,(-, -) approaches zero in the y-direction as
t — 0, where r,(¢,w) is defined by .

f(x +w) - f(x)
t

r(t,w) = = 1(y).

1.3. REMARK. The map f has a derivative at x < there exists a linear map
l € L(V, Z) such that, for each y € V, there exists a map r,(-, -) which approaches
zero in the y-direction as ¢ — 0, such that

f(x+w)=f(x)+d(y)+ t(r_v(t,w)).

It is immediate from the above remark that the derivative of f at x, if it exists, is
unique. We will denote the derivative of f at x by Df(x).

1.4. LEMMA. Assume that f(W)C U, f: W — Z is differentiable at x, and g:
U — Z is differentiable at f(x). Then g ° f is differentiable at x, and D(g° f)(x) =
Dg(f(x)) Df(x).
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PROOF. Let y € V. Then f(x + tw) = f(x) + tDf(x)(y) + tr,(t,w), where r,(-, -)
approaches zero in the y-direction as t — 0. Thus

gof(x + w) = g(f(x + w)) = g(f(x) +Df(x)(») + tr,(1,w))
= g(f(x) + t(Df(x)(») + r,(2,w))).
Since g is differentiable at f(x), there exists 5(-, -) = Spsxyy(*5 *) such that
g(f(x) + t(Df(x)(p) +r,(1,w))) = g(f(x)) + 1Dg(f(x)) Df (x)(»)

+1s(1, Df (x)(y) + r,(1,w)),

where s(-, -) approaches zero in the Df(x)(y)-direction as ¢ — 0. Then

lil’I(l)S(t, Df(x)(y) + ry(t,w)) = :lin(l) s(t,u) =0;

-
w=y u—Df(x)(»)

ie. s(-, Df(x)(y) + r,(-, -)) approaches zero in the y-direction as ¢ — 0. Thus it
follows from Remark 1.3 that go f is differentiable at x, and that D(ge f)(x) =
Dg(f(x))Df(x). O

1.5. DEFINITION. We will say that f is of (differentiability) class &' if Df(x)
exists for each x € W and if the map Tf(-,:): UX V —» Z X Z defined by
Tf(x, y) = (f(x), Df(x)(y)) is continuous.

1.6. DEFINITION. We define %% maps inductively for k > 1. For k € N, k > 2,
we will say that an %! map f is ¥ if Tf is %~ We will call f an & map if
fis &% forevery k € N.

1.7. REMARK. If V and Z are finite-dimensional, then the definition of %
differentiability is equivalent to the standard definition of C* Fréchet differentiabil-
ity; i.e. f is ¥ = fis Ck,

1.8. THEOREM (THE CHAIN RULE). Let k € NU {0}, let f: W > Z and g:
U — Z be #* maps, and assume that f(W) C U. Then go fis #*, and T(g° f) =
T(g)°T(f).

PROOF. It suffices to prove this theorem for the case k = 1, since the proof for the
general case will follow immediately by induction. By Lemma 1.4, D(g-° f) exists
for each x € V, and D(ge f)(x) = Dg(f(x))Df(x). Thus T(g ° f) exists, and

T(gof)(x,y)=(g°f(x),Dg(f(x))Df(x)(»))
= Tg(f(x), Df(x)(y)) = Tg° Tf(x, y),

which implies that T(go f) = TgeTf. Since T(ge f) = Tg o Tf is the composition
of continuous maps, it follows that T(g o f) is continuous. Thus the composition of
&#! mapsisan &! map. O

We next turn our attention to showing that the class of #® maps is rich with
examples. We begin by showing that continuous linear and multilinear maps are
&=, and then show that it is possible to add % * maps together and multiply them
by scalar-valued &> functions without leaving the class of ¥ * maps.
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1.9. LEMMA. Letl € L(V,Z). Thenlis =, and Tl = | X I.

PROOF. Let x € V. It is obvious that DI(x) exists, and that DI/(x) = [. Thus T/
exists, and

TI=IXLVXV->ZXZ  (x,p)- ((x),1(y))

This formula implies that 7/ is continuous, and hence that / is #'. Furthermore,
I X le L(VXV,Z X Z),which implies that 7/ is again a linear map. Thus we can
apply induction to conclude that / is . O

1.10. LEMMA. Let [, € L(Z,Z), I, e L(I7,V), and assume that f is F*. Then
Liofoly I;(W)— Z is #* and D(l,°fol,)(x)=1°Df(x)el, for all x €
I3\ (W).

PROOF. Since [}, [, are #%, l,o fol, is % by the chain rule. The formula for
the derivative of the composition follows immediately from Lemma 1.4. O

1.11. REMARK. Let Z =1, . ,Z,, where each Z, is a linear topological space and
the product is taken in the category of linear topological spaces. For each A € A, let
gx: Z — Z, be projection onto the Ath factor. Let ¢ > 0, and assume that r:
((-&,0) U (0, &)) X W — Z. Then r(-, -) approaches zero in the y-direction as t — 0
< r, = ¢, ° r approaches zero in the y-direction as t — 0 for each A € A.

1.12. LEMMA. Let Z =TI, \Z,. Thenf: W - Zis S o fy=q o f: W = Zy is
S+ for each \ € A.

PROOF. In one direction (=), this result is trivial: if f is &, then each f, = g\ f
is the composition of #* maps, and hence is ¥ *. We establish the converse result
by induction on k.

To verify the result for &' maps, let x € W, and define / € L(V,Z) by
gr° !, = Df\(x) for each A € A (/, is well defined by this representation, since Z is
the linear topological product of the Z,’s). Let y € V, and define r(-,-) for |¢|
sufficiently small, ¢t # 0, by r(z,w) = (f(x + tw) — f(x))/t — | (). For each A €
A, let r, = g, o r. Since each f, is differentiable at x, each r,(-, -) approaches zero
in the y-direction as ¢t — 0. Thus Remark 1.11 implies that r(-, -) approaches zero
in the y-direction as ¢ — 0, which implies that f is differentiable at x and that
Df(x) = . Since this reasoning holds for each x € W, Tf: W X V — Z X Z exists.
Furthermore, if we define the linear topological isomorphism /: [T, c A\(Z, X Z,) =
Z X Z by

IT (5, %)) = (xa ).

veA

(gr X ‘h\)°l(

then Tf = I o(I1, < ATf, ), which implies that Tf is continuous. Thus f is ¥’

We complete the proof by a straightforward induction. Let kK € N, and assume
the result has been established for k. Assume that each f, is **!. Then each Tf,
is &%, which implies that I, c \Tf, is &%, and hence that Tf = [ (Il c ATf,) is
&k Thus fis L+ O
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1.13. LEMMA. Assume that f,,...,f: W — Z are &¥* maps, and let f=f,
- +f.Thenf: W > Zis £~

ProOF. It suffices to assume r = 2. We factor f as follws:

w7 x 2% 7.

where add: Z X Z — Z is the addition map. By Lemma 1.12, (f,, f,) is #*. Since
add is continuous and linear, it is & *®. Thus the lemma follows from the chain rule.
a

1.14. PROPOSITION. Letr € N, f€ L'(V,,...,V,; Z). Then fis .

PROOF. We already know this result for the case r = 1 from Lemma 1.9, so it
suffices to assume r > 2. Let x = (x,...,x,), ¥y = (Vi,---- V) w=(wr,...,w,).
Then

flx+w)—f(x)=f(x, + w,x,+twy,....x, +w,) = f(x,...,x,)
=f(x;, +tw,x,+twy,...,x,+tw)—f(x, +tw,....,x,_; +tw,_,x,)
Hf(x, +twy, X, X)) — f(xp F twy, X, W, g, X, ), X,)
+ oo f(xy X, x,) — f(xg,--05X,)
=t(x; + twy, ..., x,_ + W,_1,W,)
+tf (X + Wy, Xy W,y W1, x,) + e (W, Xy, .., X,)
=t(f(x1-5 %215 ¥)) +f(xl""’xr—2’yr—l’xr) + o (Y1 X205 X))
+if ((f(xy + iy, X, + W w,) = f(xg, %, )
H(f(xp + Wiy X,y + W, W, x,) =[x X0, Yo X))
CH(f(wy, xp,000x,) —f()’pxza---’xr)))
=t(f(x1e s X 9) Ff(Xses X2y Yooy X,) + 0 +f(y1,%35--45X,))
+t(r(t,w)).
Since f is continuous, lim, _, ., _, , 7(¢,w) = 0, which implies that Df(x) exists and
that
Df(x)(y) =f(x1,- s %m0, 9) + f(X0se X0, Yo 15 X,)
CHf(yrxasesX,).
In addition, this formula implies that Df(-, -) is continuous, which implies that Tf is
continuous, and hence that f is £
We finish the proof by induction. Let k € N and assume we already know that
continuous 7-linear maps are & *. For each 1 < i < r, define
LeL(V;X -+ XV, XV X -+ ><V,,Vl - X V)
by
Lo X Y15 s ) = (X Ximg Vi X100 X, ),
and let
pELWVy X -+ XV, XV X -+ XV, V| X -+ XV,)
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be projection onto the first factor. From our formula for Df(x)(y), we see that

Tf = (f°P, Zf°1,~)-
i=1
Thus it follows from Lemmas 1.12 and 1.13, together with the chain rule, that 77 is
& k. The proposition now follows immediately by induction. O

1.15. COROLLARY. Let k € N U {00}, and assume that a: W — R and f: W — Z
are % maps. Then af: W — Z is S*, where af is defined by (af }(x) = a(x)f(x)
for each x € W.

PROOF. We factor af as follows:
(a.f) m
w —>f RXxZ-2Z,

where m is scalar multiplication. Since m is continuous and bilinear, it is > by
Proposition 1.14. Lemma 1.12 implies that (a, f) is & *. Thus the chain rule implies
that af is #*. O

We conclude this section by proving that & * differentiability is a local property.

1.16. LEMMA. Let k € NU {0}, and let f: W — Z. Let W = U, o \W,, where
each W, is open in V, and assume that eachf | ,,: W\ = Zis & k. Thenf: W — Zis
sk

PRrROOF. It suffices to prove this result for finite k. We proceed by induction. To
see that the result holds for k = 1, assume that the restriction of f to each W, is &,
This implies that f is differentiable at each point of W, so Tf is defined on W X V.
Since W X V = U, (W) X V), each W, X Visopenin V' X V, and Tf |, ..\ =
T(f|w,xv) is continuous, it follows that Tf: W X V — Z X Z is continuous. Thus
fis &1

Next, let k > 2, and assume that the result has been established for &’ maps
with i < k. If each f|,: W\ > Zis & k, then we apply this lemma for the case
i = 1toseethat f: W — Zis &!. Thus Tf is defined on W X V. Furthermore, each
Tf | w,xv: WA XV > Z X Zis ¥, so by this lemma for the case i = k — 1 it
follows that Tf: W X V — Z X Z is %71, and hence that f is &% By induction,
we have the result forall k € N. O

2. Higher order derivatives and inverse functions. Assume for the remainder of this
article that all linear topological spaces are locally convex. We will continue to use
the notation introduced at the beginning of §1. In addition, if r € N, r > 2, we will
let LI(V, Z) denote the subspace of L'(V, Z) consisting of symmetric r-linear maps.

Let X be a locally convex space, and let i: X - X be the embedding of X in its
sequential completion. Let a: [0,1] = X be a continuous curve in X. Since X might
not be sequentially complete, [} a(¢)dt may not exist. However, let & = i o a. Since
X is sequentially complete, fo &(t)dt does exist. Suppose [, a(t)dt € X. Then,
since the map i is an embedding, [, a(t)dt exists, and i( [y a(2)dt) = [4&(2)dt.
Conversely, if [ a(t)dt exists, then [} &(t)dr = i( [y a(t)dt) € X.

We will begin this section by establishing the Mean Value Theorem and its
converse.
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2.1. LEMMA. Assume that W is convex. Then f is ' < there exists a continuous
map g: W X V — Z such that g(x, -) is linear for each x € W and such that, for
every pair x, x +y € W, [} g(x + ty, y)dt exists and f(y) — f(x) = [} g(x +
ty, y) dt. Furthermore, if fis ', then Df(x) = g(x, -) for eachx € W.

PROOF. (=) Let i1 Z — Z be the embedding of Z in its completion, and let
f=iof bethe induced &' map. Note that Df = i o Df. If we prove the result for
f, then

[ DG+ 0)(p)de = fx +y) = f(x) =[x+ y) = f(x) € 2,

so the integral in the statement of the lemma exists, and the desired equality follows
from the corresponding equality for f. Thus it suffices to prove the lemma in the
case when Z is complete. But for this case, use Lemma 1.10 to reduce the problem to
the case V = Z = R, where it is the Fundamental Theorem of Integral Calculus.

(=) Let x € W. We begin by showing that Df(x) exists and equals g(x, -). Let
y € V. Then, for w near y and |¢| sufficiently small, x + tw € W, and

f(x+ tw)=f(x) +f01 g(x + stw,w) ds

=f(x)+1g(x,y) + tj: (g(x + stw,w) — g(x, y)) ds.
Define r,(-, -) by
r(t,w) = ,/01 (g(x + stw,w) — g(x, y)) ds.

Then it follows from the above expression for f(x + rw) that it suffices to show that
r,(-, -) approaches zero in the y-direction as t — 0.

" Define h(-, -, -) on an open subset of R X R X V by h(s,t,w) = g(x + stw,w)
— g(x, y). Then h(s,0, y) = 0 for all s € [0,1]. Let A be a seminorm on Z, and let
€ > 0. Since Ao h is continuous and C = [0,1] X {0} X {y} is compact, A h is
uniformly continuous on C. Thus there exists § > 0 and a convex neighborhood U of
y such that Aeh(s,t,w)<e for all |{|<d, we W, s€[0,1]. Since A is a
seminorm, this implies that, for |[t| < § and w € U,

}\(rjv(t,w)) = )\(/: h(s,t,w)ds) < j(;l A h(s,t,w))ds < j{;l eds = e,

which implies that lim, _, ,,,_, , 7,(¢,w) = 0. Thus Df(x) exists for each x € W, and
Df(-)(-): W X V - Z is continuous. To complete the proof that Tf is continuous, it
suffices to show that f is continuous.

Let x € W. To see that f is continuous at x, let A be a seminorm on Z and let
e > 0. Choose a neighborhood U of (x,0) in W X V such that, for each (v,w) € U,
A(g(v,w)) < &, and choose a convex neighborhood W of 0 such that (x + W)yx W
c U. Then, for y € W,

A f(x+y)=f(x)) = A(fol g(x + ty,y)dt) < /01 A(g(x + 1y, y))dr

1
<f edt = ¢.
0
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Thus f is continuous at x. Since x was an arbitrary point of W, we conclude that f
is continuous. O

We turn next to the definition of higher derivatives. We will need some additional
notation, and then a formula (Lemma 2.2) which relates T¥f and D*f for maps
between Banach spaces which are k-times continuously Fréchet differentiable in the
standard sense.

Let X be a locally convex space. For n > 1, let p,: X" — X be the projection
onto the last factor, and let i,: X — X" be the injection into the first factor; i.e.,
i, (v)=(v,0,0,...,0). Thus the map i; X i,0 X in X -+ Xiu-1 is a linear injection
of X**'into X?.

For each k € N, let ev: LX(V,Z) X V¥ - Z be the evaluation map, defined by
ev(g,w) = g(w) foreach g € LX(V, Z),w € V.

2.2. LEMMA. Assume that V and Z are Banach spaces, and that f: W — Z is C*.
Then

p2A°ka°(i1 X i20 X izl X oo XizA—l) = €V°(Dkf>< IdVA)I WX Vk-s Z.

PROOF. See [3, Lemma 2.15]. O

Foreach x € W, let j: VK - W X V* begivenby j (vy,...,0,) = (x,0,...,0;)
foreachv,,...,v, € V.

2.3. DEFINITION. Let k£ > 1. Assume that V' and Z are locally convex spaces, and
that f: W — Z is &% For each x € W, define D*f(x): V¥ - Z by

D"f(x) = Dok Oka°(i1 X izn X e XizA—1)°jx.

2.4. REMARK. It follows from Remark 1.7 and Lemma 2.2 that Definition 2.3 is
equivalent to the standard definition of the kth order derivative if V and Z are
finite-dimensional.

2.5. LEMMA. Let k > 1, and assume that f is ¥*. Then, for each x € W,
D*f(x) € LKV, Z). Furthermore, eve(D*f X 1dx): W X V* — Z is continuous.

PROOF. Let x € W. Since D*f(x): V¥ — Z is defined as the composition of
continuous maps, it clearly is continuous. Similarly, since D*f is defined so that the
equation in Lemma 2.2 remains true for all locally convex spaces and all #* maps
between them, continuity of the map evo(D*f X Id«) follows from continuity of
the map py o T f o(i; X iy X +++ Xiy-1). So it only remains to show that D*f(x)
is k-linear and symmetric. To see this, it suffices to show that /e D¥f(x)| p is
k-linear and symmetric, where E C V is a finite-dimensional subspace of V' which
contains x, and / € L(Z, R). So let h: E — V be the inclusion map. Then

lopyuoT fo(iy X iy X +++ Xiy1)o j oh*
=p2k°[2‘°ka°h2A°(l.l X iy - XizAvl)ij
=p2k°Tk([°f°h)°(i1 X izo X e Xizk-|)°_[x
=evo(D*(lofoh) X Idu)e j.= D¥(lo foh)(x).
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Since the domain and range of /o foh are finite-dimensional, /o foh is C¥ by
Remark 1.7, so Remark 2.4 implies that D¥(/o f o h)(x) is k-linear and symmetric.
Since DX(lo f o h)(x) = 1o D¥f(x)|, we are finished. O

2.6. THEOREM. Assume that W is convex and k € N. Then the following are
equivalent:

() fis L*.

(i) For each j =1,...,k, there exists 8’f: W — LIV, Z) such that eve(8’f X
Id,)): W X V/— Z is continuous and such that, for each x, x +y € W and
Vpreo a0, €V, [3 0f(x + ty)(p,04,...,0;_y) dt exists and

6/ f(x +}’)(Uh--~»vj—1) - 0j_lf(x)(vl7""vj—-1)
= fl 0f(x + y)(y,vy,...,0,_,) dt,
0

where we let 0°f = f.
Furthermore, if f satisfies (ii), then 8/f = D’f for 1 < j < k.

PROOF. (i) = (ii) Assume that f is & . Since eacheve(D/f X Id,,): W X V/ - Z
is continuous, the remarks on integration at the start of this section imply that it
suffices to prove that (i) = (ii) for the map f=iof, where i Z— Z is the
embedding of Z in its completion. Equivalently, we may simply assume that Z is
complete.

So let us assume now that Z is complete. In this case, existence of the integral in
(ii) is automatic, so we need only show that the equation in (ii) holds. To verify the
equation, it suffices to show that

Lo DI Yf(x + y)(vy,...,0,_1) = 1o DI f (x)(vy,...,0,)
= /1 Lo D/f(x + ty)(y,0y,...,0,_,) dt
0

foreach/ € L(Z, R).
So let / € L(Z, R), and let E be a finite-dimensional subspace of V which
contains x, y, U;,..., Ui_q- Then
Lo D/7f(x + y)(vy,...,0,_) = DI Y(lo foh)(x + y)(vp,...,0,_,),
Lo D/7'f(x)(vy,...,0,) = D/ Hle foh)(x)(vy,...,0,,),

and
Lo Df(x + ty)(y,v1,...,0;1) = D/(lofoh)(x + ty)(y,01,...,0,_,).
Thus we are reduced to showing that
D7 (1ofoh)(x +y)(vy,....0;-) = DI (Lo foh)(x)(vy,...,0;_,)

(*) 1o
=j(; DI Nlofoh)(x + ) (p,0y,...,0;_,) d.

Now, the domain and range of /o f o h are finite-diménsional, solofohisCkby
Remark 1.7. Thus (*) follows from Remark 2.4 together with the observation that,
for a C* map between Banach spaces, D(D/~f) = D’f.
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(i1) = (1) We prove this implication by induction on k. We already know it for
k =1 by Lemma 2.1. So let kK € N, and assume that the result has been established
for ¥/ maps with j < k. Assume that we are given 8',...,0%! as defined in
statement (ii) of this theorem. By our induction hypothesis, it follows that f is &#*
and that 8/f = D’ffor j < k.

Foreachr=0,...,k, x € W, y € V, define ¢'f(x, y): (V X V) = Z X Z by

¢ (x, y)(or,wisosv,w) = [ 07F(x) (v, 00,). 07 f (x) (0, 0,0 9)

r
+ 20X 0y 0,1 W Vs 0,)
i=1

From the definition, it follows that each ¢'(x, y) is continuous and r-linear from
(V' X V) to Z X Z. In addition, the formula implies that each eve (¢'f X Id ;) ):
(WX V)X (VXV) >Z- Z is continuous. Note that, since ¢°f(x, y)=
(f(x), 0 F(x)(») = (f(x), Df(x)(y)), we have ¢°f = Tf. Thus, if we can show that,
foreachl < r<k,x,x+ye€ W,u,z,o,,w,...,0,_,w,_, €V,

1
f Of(x +ty,u+1z)(y,z,00,Wy,...,0,_1,Ww,_y)dt
0

exists and

(xx)
¢ (x +y,ut z2)(opwy, 0w y) = 9T (xu) (v w0, )

1
=f of(x+ty,u+1z)(y,z,v,,w,...,0,_1,w,_,)dt,
0

then it will follow from our inductive hypothesis that Tf is % *. This will in turn
imply that f is &%**!. From this, the result will follow for all Kk € N by an
application of induction.

Let i: Z — Z be the embedding of Z in its completion. Letting f=io f,
6/f = io6’f, and ¢'f = (i X i)o ¢'f, it suffices by the remarks in the second para-
graph of this section to verify (*x) with ¢"~!f and ¢’f replaced by ¢’ ~!f and ¢'f,
respectively (since Z is complete, it follows that

1,
f of(x+ty,u+tz)(y,z,0,W,...,0,_1,W,_;)dt
0

automatically exists; then, it will follow from this modified version of (*) that the
integral is actually a point in Z, from which it follows that the integral in the
original version of (**) also exists).

To verify () for f, it suffices to verify (+*) with ¢’/ and ¢'f replaced with
(I X 1yod" Yf=¢"Ylof) and (IX I)o¢f=¢'(lof) for each I € L(Z,R)=
L(Z, R). We verify this last equation by the now-familiar technique of reduction to
finite-dimensional calculus.
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Let / € L(Z, R), and let E be a finite-dimensional subspace of V' which contains
X, Yy, Z, Uy, W, ..., U,_1, W,_,. Then

¢ Mo f)(x, ) (o, wya 0 Wy)
=¢ lofoh)(x,y) (v, Wi,y 0,1, W),

and simlarly for the other terms in (*x). It follows that we are reduced to verifying
that

O Lo foh)(x+y,u+z)(v,w,. .0 1w, )
(***) _¢r_1(1°f°h)(x’u)(vl’wl""?vr—hwr—l)
=/1 ¢ (lofoh)x+ty,u+tz)(y,z,0,Wp,...,0,_1,w,_,)dt,
0

and this verification will be easy.

By Remark 1.7, [o fo his C*¥*1,s0 T(I o f o h) is C*. It follows from the converse
to the classical Mean Value Theorem applied to D¥(/o foh) and D**!(lofoh)
that DK*Y(lofoh) = 0**'(lofeh). By [1, Lemma 69], D'(T(l°foh)) =
¢'(lofoh)for1<r<k. Since D(D""YT(lof+h)))= D'(T(lefeh)), (x+*) fol-
lows from the classical Mean Value Theorem for calculus in finite-dimensional
spaces. Thus Tf is &% and f is &**!. Furthermore, since D**'(lofoh)=
@%*'(lo foh) for all I € L(Z, R) and all linear inclusions 4 of finite-dimensional
spaces into V, we conclude that D¥*1f = g¥*'f. O

We next examine the higher order differentiability of &' inverse functions. We
extend the definition of %% maps to the case k = 0 by calling f an ° map if f is
continuous. If X is a locally convex space, n € N, then we let p: X" — X denote
the projection onto the first factor. Note that p is linear, hence .

2.7. LEMMA. Let k € N U {0}. Then f is % « Df(x) exists for each x € W and
evo(Df x 1d ) is ¥~ 1.

PROOF. (=) If f is %% then Tf is %!, which implies that p, o Tf = eve(Df X
Id,)is £* L

(=) We prove this direction by induction on k. For k = 1, the result follows from
Lemma 2.1. So assume that the result has been established for k € N, and let f be a
differentiable map such that eve(Df X Id,) is . Since eve(Df X Id,) is L * 1,
it follows from our inductive assumption that f is &%, and hence that Tf =
(fe p,eve(Df X Id,)) is &*. Thus f is #**1. By induction, the result is true for
alkeN. O

2.8. LEMMA. Let g: W — L(V,V). Assume that g(x) is invertible for each x € W,
and that eve(g™' X 1d,): WX V - V is continuous. Assume in addition that
evo(g X Id,)): WX V> Vis . Then evo(g™' X Id,): WX V = Vis £

PROOF. Let (x,y)€ WXV, (u,z) € VX V. Abbreviate eve(g X Id,) by h.
Then, using the algebraic identity

g (x+w)—g M (x) =g x+w)(g(x +w)—g(x))g™(x),
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we see that

L g )+ ) — g () ()

>0 t
(cow)—=(u.z)

g (x+w)(y) - g (x)(y)

= lim gYx+w)w)+ lim
t—0

- t
(eow)=(u,z) (l‘.W’)—'(()u.:)
~ ) . _ x+1w)—g(x -
Sl -l o) SEEEE g

(ow)—=(u.z)

=g (x)(2) = lim  (eve(g X 1d,))
11—
(v,w)—=(u,z)

h(x+w, g7 (x)(y) = h(x, 87 (x)(»)) )

‘1 x + t,
t

= g7 (x)(2) = (eve (g™ x 1d,))(x, Dh(x, g7 (x)(»))(u,0)).

This implies the D(eve(g™ X Id,))(x, y) exists. Furthermore, the formula for
D(eve(g™' x Id,))(x, y)(u, z) implies that

eve(D(eve(g i X 1Id,)) X Id,yy): (WX V)X (VX V) >V
is continuous. Thus eve(g™ X Id,)is £ O

2.9. THEOREM. Let k € N U {00}, let W be openin V, and let f: W — V be an ¥
map. Assume that U = f(W) is open in V, that { is injective, and that f ': U - V is
P Thenf' is Fk.

PROOF. Let k € N, k > 2, and assume that we have verified the theorem for #*
maps. Let f be an #**! map satisfying the hypothesis of the theorem. Then Tf is
an %% map which satisfies the hypothesis of the theorem, so our inductive
hypothesis implies that (7f)~! is & *. Since T(f ') = (Tf)7, it follows that ! is
#%*1 By induction, the theorem follows for all k € N. So it only remains to verify
the theorem for k = 2.

Let f be an %2 map which satisfies the hypothesis of the theorem. We need to
show that f~! is %2, or equivalently that T(f ') is &!. By Lemma 2.7, T(f!) is
&' ifand only if eve(D(f™') X 1d,)is &

Since

D(f)x1d,=((Df) " of ) x1d, = ((Df)" x 1d,)o (7' x 1d,),

eve(D(f7) x1d,) = (eve((Df) " x 1d,))e(f71 x 1dy).

This factors eve(D(f!) X 1d,) into the composition of two %! maps, which
implies that eve(D(f ') x 1d,)is ¥ O

3. Higher order derivatives and function spaces. We would like to introduce locally
convex topologies on the spaces of linear and multilinear maps L’(V, Z) such that,
for each % map f: W > Z and each 1 < r < k, D'f satisfies condition (ii) of
Theorem 2.6  D’f: W — L'(V, Z) is continuous. We will see in this section that it
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is often possible to do this. Let » € N. We will assume for the remainder of this
article that L’(V, Z) has the compact-open topology, i.e. the topology of uniform
convergence in Z on compact subsets of V.

The compact-open topology on spaces of linear and multilinear maps has two
properties which interest us [7, Theorem 7.5]:

(i) ev: L'(V,Z) X C — Z is continuous for each compact subspace C of L'(V, Z).

(i1) If M is a topological space, g: M — L'(V, Z) a map such thateve(g X Id.):
M X V" — Z is continuous, then g: M — L'(V, Z) is continuous.

For r € N, there is a natural linear inclusion of L™*(V, Z) into L(V, L"(V, Z))
which is defined as follows: for each h € L"™*Y(V,Z), v € V, let h,: V" - Z be the
continuous r-linear map defined by &, (w) = h(v,w) for all w € V'. Define h:
V > L(V,Z) by h(v) = h, for all v € V. Note for future reference (Lemma 3.5)
that # and % are related as follows: h = eve(h X Id y). It follows as on [1, p.
47-48] (replacing the bounded sets in that argument with compact sets) that % is
linear and continuous, and that the map which sends 4 to } is a linear topological
embedding. Thus we have proved

3.1. LeMMA. Let V and Z be locally convex spaces. Then L'™*Y(V,Z)cC
LV, L (V,Z)).

Inductively extending the definition of this canonical linear embedding, we can
extend Lemma 3.1 in a corresponding manner to prove the following

3.2. LEMMA. Let V and Z be locally convex spaces, r € N, r > 2. Then

L'(V,Z)c L(V,L(V,...,L(V, Z),...)).

r times

It is convenient to work with locally convex spaces for which the canonical
embedding in Lemma 3.2 is a linear topological isomorphism (i.e. for which the
embedding is an onto map). One large class of spaces which have this property was
introduced in [1, Definition 3.39]. Recall [9] that a compactly generated space M
(also known as a Hausdorff k-space [7]) is a Hausdorff topological space such that F
is closed in M « F N C is closed for each compact set C in M. It is well known
that open subsets of compactly generated regular spaces are compactly generated in
the subspace topology. It is also straightforward to show that linear topological
spaces are regular. Thus open subspaces of compactly generated linear topological
spaces are compactly generated.

3.3. DEFINITION. An exponential space V is a locally convex space such that V" is
compactly generated for each r € N.

3.4. REMARKS. Let V' be a locally convex space, and Z a closed subspace of V.

(a) If V' is an exponential space, then Z and V/Z are exponential spaces.

(b) If V' is metrizable, then V' is an exponential space.

(c) If V is an exponential space, then V" is an exponential space for each r € N.

(d) If W is an open subspace of ¥ and V is an exponential space, then W X V" is
compactly generated for each r € N.
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The key property of compactly generated spaces is the following: if M, M, are
topological spaces, and M is compactly generated, then a map h: M — M, is
continuous < h| . C — M, is continuous for each compact subspace C C M.

3.5. LEMMA. Let V be an exponential space, Z a locally convex space, W open in V,
andr € N. Thenamap g: W — L'(V, Z) is continuous < eve(g X 1d,.): WX V"
— Z is continuous.

PROOF. (=) Since W X V" is compactly generated, it suffices to check the
continuity of eve(g X Id,-) on compact subsets of W X V"’ of the form C; X C,
where C, is compact in W and C is compact in ¥". So let C; be compact in W and
let C be compact in V" It is clear that g X Id,. is continuous from C, X C to
L'(V,Z) X C. Since ev| -y zyxc 1 continuous, the proof of this implication is
concluded.

(=) This implication follows from property (ii) of the compact-open topology,
and is true regardless of whether or not V is an exponential space. O

3.6. LEMMA. Let V be an exponential space, Z a locally convex space, r € N, r > 2.
Then

LWV,L(V,...,L(V,Z),...)) = L"(V, Z).

r times

PrOOF. It is sufficient to show that L(V, L"~Y(V, Z)) = L"(V, Z), from which the
result will follow by induction. To verify this equality, it suffices because of the
remarks in the proof of Lemma 3.1 to verify that eve(h X Id,. 1) € L"(V, Z) for
each h € L(V, L'~ (V, Z)). Since Lemma 3.5 implies that eve(h X Id,. 1) is con-
tinuous, and since eV°(iI X Id 1) is clearly r-linear, we are done. O

3.7. LEMMA. Letr V be an exponential space, Z a locally convex space, r € N. If Z
is complete (resp. quasi-complete, sequentially complete), then L'(V,Z) is complete
(resp. quasi-complete, sequentially complete).

PROOF. Assume that Z is complete. We will show that L’(V, Z) is complete (the
proofs of the other cases follow by essentially the same argument). Let {h,: A € A}
be a Cauchy netin L’(V, Z). Then { hy(v,,...,v,): A € A} is a Cauchy netin Z for
eachv,,...,u, € V. Since Z is complete, we can define h: V" — Z by h(vy,...,v,) =
li_r)n reama(vy, ..., 0,). Since the convergence of {h,} to h is at least as strong as
pointwise convergence, it follows that 4 is r-linear. Since this convergence is uniform
on compact sets, it follows that 4 is continuous on compact subsets of V'”. Since V”
is compactly generated, it follows that h: V" — Z is continuous, and hence that
h € L'(V, Z). Finally, again since the convergence of {h,} to & is uniform on
compact subsets, li_n;l)\e A(hy — h) =0, which implies that L"(V, Z) is complete. O

3.8. REMARK. Let V, Z be locally convex spaces, / € L(V,Z). a: [0,1] > V a
continuous curve in V. If [} a(t) dt exists, then [ /o a(t)dt exists, and [y /° a(?) dt
= I( [y a(t)dt).
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3.9. THEOREM. Let k € N, and assume that V is an exponential space. Then the
following are equivalent:

() fis £k

(ii) For each j = 1,...,k, there exists a continuous map 8'f: W — L/(V, Z) such
that f = 0°f, 0'f,...,0% ‘fare #! and D(6’7'f)=0’f, 1 <j < k.

Furthermore, if (ii) holds, then D’f = 8’f for1 < j < k.

PROOF. It suffices to prove this theorem for the case when W is convex, so we will
make this additional assumption throughout the proof.

(=) Assume that f is &%, and let j € {1,..., k). By Theorem 2.6, we see that
eve(D/f X Id,;): WX V/ - Z is continuous, [} D/f(x + ty)(y,vy,...,0,_y)dt
exists for each x, x + y € W, v,,...,v;_; € V, and

D/ (x + y)(vy,...,0,00) = DI (x)(vy, -0, 000)

* .

(=) = ,[01 D/f(x + ty)(y,vy,...,0,_) dt.

Since eve(D’f X 1d,,) is continuous, D’/f: W — L/(V,Z) is continuous. Let i:
Z - Z be the embedding of Z in its completion. Then D'f = io DIf:
W - Li(V,Z), 1 <j<k. Since Li(V,Z) is complete, it follows that
[& D/f(x + ty)(y) dt exists for each x, x + y € W. Furthermore, it follows from (*)
that, foreach x, x + y € W,

DI (x +y) = D77 (x) = [1 D (x+ 0)(y) .

From the remarks at the beginning of §2, it follows that [j D’f(x + ty)(y)dt exists
and that

DIY(x +y) = D7Y(x) = [ DY(x + )(y) .

Thus the converse to the Mean Value Theorem (Lemma 2.1) implies that each D/~'f
is ! and that D(D/~'f) = D’f.

(=) Assume that we are given 0'f,...,0%f as defined in statement (ii) of this
theorem. Let j € {1,...,k} and vy,...,v;,_; €V, and define I: L'"Y(V,Z)—> Z
by I(h) = h(v,,...,v;_;) for each h € L/~Y(V, Z). Clearly [ is linear and continu-
ous. Thus, foreach x, x + y € W,

077 (x + y)(vy,...o0,2y) = 077 (x)(vy,. ., 0,24)
= 1(677f(x +y)) = 1677 (x)) = 167" (x + y) — 8/ (x))
=1 0+ ) ) = [N 101 (x + 0)(y)

1,
=j(; 0’f(x + ty)(y,vy,...,0,_;) dt.

Since each eve(0/f X 1d,;): W X V/ — Z is continuous, Theorem 2.6 implies that f
is %, and that D/f = 60/f for1 <j< k. O
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3.10. COROLLARY. Assume that V is an exponential space, and let j, k € N, j < k.
Then fis S* & fis &/ and D'f is S*~/. Furthermore, if f is #*, then D"(D’f) =
D" fforl <r<k—j

ProoF. This is a triviality if j = k, so assume throughout this proof that j < k.

(=) Assume that f is #*. Since j < k, f is clearly %/. By Theorem 3.9,
D'f. ..., D* 'f are %' maps, and D(D'f)= D"*'f for j<r<k—1. Thus
Theorem 3.9 implies that D/f is %~/ and that D"(D’f) = D"*/f for1 <r < k — .

(<) Assume that f is &%’ and that D/f is * /. Define 0'f: W — L"(V, Z) for
1<j<kbyl@’f=D'fforl<r<jand 8f=D"/(D/f)for j+1<r<k. Let
6°f = f. By Theorem 3.9, each 8'f is &' for0 <r <k —1,and D(8'f) = 6""f.
Thus another application of Theorem 3.9 implies that f is %%, and that D'f = §"f
for 1 < r < k. In particular, D’f = D" /(D/f)for j+ 1 <r< k. O

We conclude this section with an observation about the compact-open topology
on the spaces L'(V, Z), r € N. The only properties of this topology which we have
used are properties (i) and (ii) from the second paragraph of this section. Thus any
other topologies on these spaces which satisfy properties (i) and (ii) would be equally
suitable for developing the material in this section.

We assert that an example of such an alternative function space topology is the
precompact-open topology, i.e. the topology of uniform convergence in Z on
precompact subsets of V" If V is complete, then precompact subsets of V" are
compact, and the precompact-open topology on L’(V, Z) coincides with the com-
pact-open topology. However, in general, the precompact-open topology will be
finer. Since every topology on L"(V, Z) which is at least as fine as the compact-open
topology has property (i), the precompact-open topology clearly possesses this
property. From [1, Remark 3.45] and the first half of the proof of [1, Theorem 3.46],
it follows that the precompact-open topology also possesses property (ii).

When this section was being written, the author had difficulty deciding whether to
give L'(V, Z) the compact-open topology or the precompact-open topology. The
decision to go with the compact-open topology was made because this topology is
more familiar to most mathematicians, and because it is discussed more frequently
in the mathematical literature (e.g. [7,9]). However, a final decision on which
topology is more suitable for differential calculus will have to await the study of the
function space properties of derivatives of functions on locally convex spaces other
than exponential spaces.

4. Differential calculus in Banach spaces. The theory of #* differentiability for
the case of maps between Banach spaces was developed in [3]. In this section we
review the relevant conclusions from that article to provide motivation for the
development in the next section of a theory of C* differentiability in the general
locally convex category. In addition, we include some results on inverse functions
not covered in [3] ([3] was concerned exclusively with the study of local flows for
partial differential operators). We assume throughout this section that V" and Z are
Banach spaces. As before, W is assumed to be an open subset of V. We also assume
that the reader is familiar with the conventional theory of C* differentiation for
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maps between Banach spaces as developed in numerous standard references (e.g.
(8.

A look at [3] will reveal that the definition of %' differentiability given in that
refernce is not the same as the one in §1 of the present article. However, we assert
that the two definitions are equivalent. To see the equivalence, we refer to [3, Lemma
2.17]. This lemma states that, under the additional assumption that W is convex, f:
W — Zis £! in the sense of [3, Definition 2.2] < there exists a continuous map g:
W X V — Z such that g(x, -): V = Z is linear for each x € W and such that, for
each x, x + y € W, f(x +y) — f(x) = [ g(x + ty, y)dt. Since this is the same as
the condition in Lemma 2.1 of the present article, we conclude that the two
definitions are equivalent. Since both articles define #* differentiability for k > 2
in the same way in terms of %! differentiability, it follows that the two definitions
of &% differentiability are equivalent.

Letting #*(W, Z) denote the set of ¥* maps from W to Z, and CX(W, Z)
denote the set of C¥ maps from W to Z, the following set of inclusions was
established in [3]:

FOW,Z)=COW,Z)>F(W,Z)> C(W,Z)>FXUW,Z)> CHW, Z)
D> .- DCHW,Z)DF* (W, Z)D C' Y (W,Z)D - D¥*(W,Z)
= Cc=(W, Z).

This is the fundamental relation between &% and C* differentiability, and in the
next section it will be shown to hold for general locally convex spaces. The
significance of this relation in the general locally convex case, and in particular of
the equality C*(W, Z) = (W, Z), is that, when combined with the results of §1,
it shows that C* differentiability theory is rich with examples, a fact not im-
mediately apparent from the definition.

We next examine the existence of local flows for vector fields and the inverse
function theorem in terms of ¥ ¥ differentiability.

4.1. DEFINITION. Let f: W — V' be continuous.

(1) A continuous curve a: (8,e) > W, 8, e € R, § < 0 < ¢, is called an integral
curve for f if « is differentiable on (8, €) and &(¢) = f(«a(t)) for each ¢ € (8, €). The
point a(0) is called the initial value of a.

(i) f will be said to have unique integral curves if, for each w € W, there exists at
most one maximally defined integral curve for f with initial value x.

4.2. DEFINITION. Let f: W — V be continuous. A local flow for f is a continuous
map F: U —» W, where U is open in R X W, such that U N ({0} X W)= {0} X W
and such that, for each x € W, F(-, x) is an integral curve for f with initial value x.

4.3. THEOREM. Let k € N U {0}, and assume that f: W — V is an #* vector
field. Then f has unique integral curves, and f generates an £* local flow.

ProOF. ¥ vector fields are locally uniformly Lipschitz, so the uniqueness of
integral curves and existence of a continuous flow are immediate. That the flow is
&' was established in [2, Theorem 8.1]. That the flow is #* was observed in [3,
Theorem 2.27]. O
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4.4. THEOREM. Let k € N U {00}, k > 2, and let f: W — V be F*. Assume that
x € W is a point for which Df(x): V — V is invertible. Then there exists an open
neighborhood Uof x, UC W, such that f |, is one-to-one, W, = f(U) is open, and
(fly) W - Vissk

PROOF. Since f is &2, f is Cl. By the standard inverse function theorem for C!
maps, there exists a neighborhood U of x, U C W, such that f|, is one-to-one,
W, = f(U)isopen,and (f|,)™": W, = Vis Cl. Since (f|,) " is C!, itis #!. Thus
Theorem 2.9 implies that (f | ;)" is % O

The inverse function theorem is not valid for ! maps. We demonstrate this by
presenting an example of an %' map f from a separable infinite-dimensional
Hilbert space H to itself such that f(0) = O and such that Df(0) is invertible, but
such that f( H) does not contain a neighborhood of zero.

4.5. EXaAMPLE. Let H be a separable, infinite-dimensional Hilbert space, with
orthonormal basis {e;: j&€ N}. Let p: R —[0,1] be a smooth nondecreasing
function such that p(¢) =1t for all t< 0 and p(z) =1 for all 1 > 1. For each
x = (x',x%...) € H, define f(x)=X%,(1/j)p(jx’)e,. Then f is &, f(0)=
and Df(O) Id n- However, 2e,/j & f(H) for all j € N, which implies that f(H)
does not contain a neighborhood of 0.

PROOF. It is clear that f(0) = 0. Furthermore, for each j € N, x € H,

<€,,f(x)> = <ej’ Oi p(k);ck)ek> - p(jiw) < l

k=1 J J

which implies that 2e,/j & f(H). So it only remains to show that f is &! and that
Df(0) =
To see that f is &', choose ¢ > 0 such that |p(r)| < ¢ for all 1 € R. For each
= (xx*...)€H,y=(y',y%...) € H, define g(x, y) € H by (e, g(x, y)) =
p(jx7)y’. It is clear that each g(x, -) is a bounded linear operator on H such that
llg(x, My <c and it is easily verified that eve(g X Idy,): HX H - H is
continuous. Furthermore, foreach j € N, x, y € H,

(e, f(x+y)=f(x)) = (1/)(p(Jx/ + jy’) = p(jx’))
—f (Jx! + 4y’ )y’ dt = /01 (e 8(x + 1y, y))dr,

which implies that f(x + y) — f(x) = [¢ g(x + ty, y)dt. By Lemma 2.1, f is &!
and Df(x) = g(x, -) foreach x € H.

Finally. note that, for each j € N, {e,, g(0, y)) = p(0)y’/ = y/, which implies that
g0, y)=yforall y e H,ie. Df(0)=1d,. O

The basic reason the inverse function theorem is valid for % maps between
Banach spaces with k > 2 is that the existence of a continuous second derivative for
f regulates the behavior of the first derivative enough to make the first derivative
continuous into L(V, Z) with the uniform operator topology. This notion of the
(j + 1)st derivative regulating the behavior of the jth derivative is central to the
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relation between %% and C* maps (see the proof of [3, Theorem 2.16)). It also
provides us with a clue about how to define C* differentiability in the next section
so that the relation remains valid for maps between general locally convex spaces.

5. Basic properties of C* calculus. In this section we again assume that
V,V,Z,Z, X, X, are locally convex spaces, and that W is open in V. We will refer
extensively to seminorms on these spaces. All seminorms which are introduced are
assumed to be continuous on their respective domains of definition (we assume that
the reader is familiar with the basic properties of continuous seminorms).

Let A be a seminorm on X. We let N, = {x € X: A(x) = 0}. Note that N, is a
closed linear subspace of X. We define X, to be the normed space whose underlying
space is X/N,, equipped with the norm induced by A. We let p,: X — X, denote
the induced projection of X onto X,.

Let E be a normed space, r € N, and consider the space L’( X, E). For each
seminorm » on X, define a subadditive function #: L'(X, E) > R U {0} by

p(h) = sup{[|A(x,....x,) |: »(x;) < L, 1<i<r}.

Note that #(h) =0 h = 0.

5.1. DerINITION. For each r € N, L)(X, E) is the normed linear space {h €
L'(X, E): #(h) < oo}, with 7 as the norm.

5.2. REMARKS. (a) The inclusion L}( X, E) = L’( X, E) is continuous.

(b) For each h € L'( X, E), there exists » = v(h) such that h € L)( X, E).

For each seminorm » on X, r € N, let L} (X,, E) be the normed linear space of
continuous r-linear maps from X, to E, with the norm of uniform convergence in
the E-norm on {(x,,...,x,) € (X,)": ||x;|| < 1}. Note that there exists a canonical
linear map Lj(X,, E) > L.)(X,E), h—> h defined by h(x,...,x,)=
h(p,x,..., p,x,) for each h € L'(X,, E), x,...,x, € X. It is obvious that ||| =
llAll.

5.3. LEMMA. The canonical map L}(X,, E) — L)(X, E) is an isomorphism of
normed linear spaces.

PROOF. See [1, Lemma 3.20]. O

5.4. DEFINITION. Let g: W — L’(X, X). We will say that g is a D-map if, for
each seminorm A on X and x € W, there exists a neighborhood U = U(A, x) C W
of x and a seminorm » on X such that p,og(U) C L;(X, )~()\) and such that the
map g, = p,° g: U— LI(X, X,) is continuous.

5.5. REMARKS. Let g, h: W — L’(X, X) be D-maps, sym: L'(X, X) - L'(X, X)
the (linear) symmetrization map, U open in ¥, and 8: U — W a continuous map.
Then

(a) g + h: W > L'(X, X)is a D-map,

(b) goB: U - L'(X, X)isa D-map.

(c)symo g: W — L(X, X)isa D-map.

(d) If y: W > L'(X, X) is a constant map (i.e. there exists o € L'( X, X) such
that Y (x) = o for all x € W), then ¢ is a D-map.
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5.6. LEMMA. Let g: W — L'( X, )?) be a D-map. Assume that, foreachj =1,...,r,
h;: W — L*(Z, X) is a D-map. Then the map

g-(hy X -+ Xh,): W L+ *k(Z X)

x = g(x)e(hy(x) X - xh,(x))
is a D-map.

PrOOF. Let A be a seminorm on X, and let x € W. Then there exists a
neighborhood W of x in W and a seminorm » on X such that gA(W) c Li(X, X))
= L;(X,, X,) and such that g: W — Lj(X,, X,) is continuous. For each j &
1,....r, choose a neighborhood U; of x in W and a seminorm p; on Z such that
h,(U)c Li(Z, X,) = Lf,f(Zul, X,) and h;, U — Lj(Z, X,) is continuous. Let
p=mp, + - +p,. Note that, for each j, there is an induced continuous linear
injection Lﬁ;(Z, X,) = Li(Z, X,). Thus, for each j, h,(U) € L}(Z, X,), and h,,;:
U - Lﬁ/(Z,~X,) is continuous.

Let U= W n U N --- NU,. Then, on U, we have the following factorization for
pre(g - (hy X --- Xh)) =gy (h X -+ Xh,):

gy, x -

xh,,) .
Li(X, %) x(LA(Z, X,) x -+ xL4(Z, X,))

comp

= Ly(X,, %) x(Ly(2Z,, X,) x -+ XL§(Z,. X,)) = L+ *%(2,. X,)
= Lk (2, X)).

Since Z,, X,, X, are normed spaces, the composition map in this factorization is
continuous. Thus g, - (k) X -+ Xh,): U— L™ " "*(Z, X,) is continuous. O

The following proposition implies that D-map continuity is at least as strong as
the continuity assumed for derivatives in the definition of &% differentiability. It
can be proved via an obvious modification of the factorization used in the proof of
Lemma 5.6. Details are left to the reader.

5.7. PROPOSITION. Let g2 W — L'(X, X) be a D-map. Then eve(g X 1d ,.):
W X X" — X is continuous.

5.8. DEFINITION. Let k € N U {o0}. We will say that f: W — Z is CX if f is &£
and D/f: W - L/(V,Z)isa D-map foreach 1 <j < k.
Note that, if f is C*, then f is C’/ for 0 < j < k.

5.9. THEOREM (THE CHAIN RULE). Let k € N U {0}, and assume that U is open
inZ. Letf: W — Zandg: U— Z be C* maps such that f(W) C U. Then g o fis C*.

PROOF. The chain rule for &% differentiability implies that g o f is &, so it only
remains to verify that each D/(go f)isa D-map for 1 <j < k. Since

J .
D/(gef)=sym z Z lv—.l.!_.T((Dig)°f)'(D"‘f><~—-><D"f) ’
i=1rn+ - +r=j . it

Isn< - <r,

this verification follows immediately from Remark 5.5 and Lemma 5.6. O
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5.10. THEOREM. Let k € N U {0}, let W be open in V, and let f: W — V be a C*
map. Assume that U = f(W) is open in V, that f is injective, and that f L U->Vis
Cl. Then f~' is C*.

PROOF. The proof of this result is basically the same as the proof of Theorem 5.9.
The theorem is a tautology for k = 1, so assume that k > 2. It follows from
Theorem 2.9 that ! is &, so we need only verify that each D/(f™')is a D-map
for 1 <j < k. To see this, note first that, since f~* is C!, D(f™') is a D-map. It
follows from the chain rule applied to f o f ! that

D(f) =-D(f)-((Df)of7) - (D(s71) x D(f7)),
so Remark 5.5 and Lemma 5.6 imply that D2(f~')is a D-map. For j > 2, D/(f™")
is the symmetrized sum of terms of the form

D(f ™) -((Df)of)-(DH(f) x - xD%(f1)),
where 2 < ¢<j,1<r, foreachl<m<gq, r+ - +r,=j, and terms of the
form

D) (v x(((DUf)o ) -(D(f71) x - xD*(f™1)))),

where 2<i<j—-1,2<¢q<j,1<r,foreachl<m<gq,i+r+ --+r,=j
+ 1, and y: W — (L(V,V))'"! is given by y(x) = (Id,,)'~! for all x € W. Since
this implies that each r,, < j — 1, the result follows from Remark 5.5 and Lemma 5.6
by inductionon j. O

5.11. THEOREM. Let k € N, and assume that f: W — Z.
() If fis C*, then fis .
(i) If fis &*, thenfis C*~ 1.

PROOF. (i) follows from the definition of C* differentiability. To see that (ii) holds,
assume that f is %k If k=1, then f is %!, and hence is &%= C° (ie.
continuous). Thus we are reduced to considering the case k > 2, and to proving that
each D/f isa D-mapforl <j <k — 1.

It suffices to prove this last statement under the additional assumption that W is
convex. So assume that j € {1,...,k — 1}, let x € W, and let A be a seminorm on
Z.Since h = pyceve(D/*f X Id,,+1): W X V/*! = Z, is continuous, there exists
a convex neighborhood U of x, and a closed absolutely convex neighborhood F of 0,
such that U X F/*' c h™}({z € Z,: |||, < 1}) and such that D/f(x)(F/)C {z €
Zy: lzlly < 1}

Let » be the seminorm on V such that F={w € V: v(w) <1}, let x + y,
x +y € W,and let vy,..., v, € V. By Theorem 2.6,

>‘(Djf(/‘c +)’)(Ul,...,vj)—fo(x)(vl,...,vj))
=)\(f01 Df”f(x+ty)(y,vl,...,v.)dt) \
< /01}\(Df'“f(x+ty)(y,vl,...,v_,.))dt

<v(»)w(v) - (v).

(%)
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Thus
)\(fo(x +y)(vl,...,vj)) < }\(fo(x)(vl,...,vj)) +o(y)v(v,) - »v(v)
< (v(y) + Dr(v) - v(y)),

which implies that D’f(x + y) € L/(V, Z,). Furthermore, (*) applied to x + y,
x + y’, implies that

5(pae DIf(x +y) —pro DIf(x +y)) < v(y —y),

where 7 is the induced norm on L/(V, Z,). This in turn implies that p, o D’f:
U — L)V, Z,) is continuous. O

5.12. COROLLARY. (W, Z) = C*(W, Z).

Up to this point, we have not given any examples of C* maps. Now we obtain a
large class of examples from Corollary 5.12—namely, all the examples of > maps
from §1.

Let k € N, and assume that f: W — Z is C*. It is natural to ask whether there is
a topology on LK(V,Z) such that D*f is a D-map if and only if D*f is a
continuous map from W to L¥(V, Z) equipped with this topology. This question was
examined in [1], and led to the definition of a D-space [1, Definition 3.21]. For each
r € N, let L} (V, Z) denote the linear space of continuous r-linear maps from V" to
Z, equipped with the topology of uniform convergence in Z on bounded subsets of
Vi if ge W— L'(V,Z)is a D-map, it is immediate that g is continuous from W to

»(V, Z). We define D-spaces to be those locally convex spaces for which this is an
if-and-only-if condition.

5.13. DEFINITION. A D-space V is a locally convex space such that, for each
locally convex space Z, r € N, and open subspace W C V, every continuous map g:
W — Li(V,Z)is a D-map.

5.14. LEMMA. Let V be a D-space, Z any locally convex space, r € N. Then
L,(V,L,(V,...,L,(V,Z)),...) = Ly(V, Z).

r times

PROOF. See [1, Lemma 3.22]. O

We will need to complete the space Lj(V, Z) in the proof of Theorem 5.17.
Unfortunately, it is not clear that this can always be done within the context of
continuous function spaces. Therefore we introduce the following space of almost-
continuous maps:

5.15. DEFINITION. Let V and Z be locally convex spaces. For each r € N,
L (V, Z) will denote the locally convex space of r-linear maps from V" to Z which
are bounded and continuous on bounded subspaces of V’, equipped with the
topology of uniform convergence in Z on bounded subsets of V.

5.16. REMARKS. (a) L,(V, Z) c L(V, Z).

(b) ev: Z,;,( V,Z) X B — Z is continuous for each bounded subspace B C V"

© L,(V,Ly(V, Z))= L,*'(V, Z).
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(d) If Z is complete (resp. quasi-complete, sequentially complete), then l;(V, Z)
is complete (resp. quasi-complete, sequentially complete).
The next result is the analogue of Theorem 3.9 for C* maps and D-spaces.

5.17. THEOREM. Let k € N, f: W — Z, and assume that V is a D-space. Then the
following are equivalent:

(i) fis C*.

(ii) For each j =1,...,k, there exists a continuous map 6’f: W — L{(V, Z) such
that f = 0°f, 6%f,...,0% Yfare Ct and D(8'7f) = 0/f,1 <j < k.

Furthermore, if (ii) holds, then D’f = §/ffor 1 < j < k.

PRrOOF. It suffices to prove this theorem for the case when W is convex, so we will
make this additional assumption throughout the proof.

(=) Assume that f is CX. Let i: Z — Z be the embedding of Z in its completion,
and let 6°f =iof. For each j & (1,...,k}, let 8/f =i o D/f, where i, is the
induced embedding of L{(V, Z) in L{(V, Z). Since L{(V, Z) is complete, it follows
that fg /f(x + ty)(y)dt exists for each x, x + y € W. Foreachv,,...,v,_, € V,

077 (x + y)(vy,..0,0) = 077 (x)(vy, -0, 0;10)
=D/ 'f(x + y)(vy,...,0) = DI (x)(vy,. .. 0-))
= jo‘ DIf(x + y)(p, 01,50, dt

= fl 0f(x + y)(y,vy,...,0,_,) dr.
0
This implies that
DI (x +y) = DI (x) = 07 f(x +y) = 07 (x) = [ 0f(x + p)(y) d.
0

From the remarks at the beginning of §2, it follows that [§ D’f(x + ty)(y)dt exists
and that

DY (x +y) = D7 (x) = [ DY(x + )(y)

Thus the converse to the Mean Value Theorem implies that D/~ f is &', and that
D(D’~'f)= D’f. Since D’f: W — L{(V,Z)= L,(V,L{"\(V, Z)) is a D-map, we
conclude that D/~ 1f is CI.

(<) Assume that we are given 0'f,...,0%f as defined in statement (ii) of this
theorem. Since V' is a D-space, each 8/f is a D-map. Thus Proposition 5.7 implies
that eve(8/f X 1d,;): W X V/ — Z is continuous. With this observation, it is easily
checked that the second half of the proof of Theorem 3.9 applies without modifica-
tion to show that f is &% and that D/f = §/f for 1 <j < k. Since each D/f is a
D-map, we conclude that f is C¥. O

5.18. COROLLARY. Assume that V is a D-space, and let j,k € N, j < k. Then f is
C* o fis C/ and D’f is C*~J. Furthermore, if f is C*, then D"(D’f)= D"*/f for
l<r<k-—j.
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PrROOF. Replacing #* with C*, L(V,Z) with Lj(V,Z), and references to
Theorem 3.9 with references to Theorem 5.17, the proof is otherwise identical to the
proof of Corollary 3.10. O

We need to mention some examples of D-spaces. Clearly all normed spaces are
D-spaces. In [1], two general classes of D-space examples are presented—normed
spaces, and exponential Schwartz spaces. The latter class includes Fréchet Schwartz
spaces, and the bounded weak-star topologies on dual Banach spaces (for which the
D-space calculus in [1] was actually developed). In [4], the proof that exponential
Schwartz spaces are D-spaces was modified and extended to show that exponential
quasinormable spaces are D-spaces (quasinormability was introduced in [5], which is
still one of the most readable references on this subject). The class of exponential
quasinormable spaces includes all normed spaces and all exponential Schwartz
spaces, and constitutes the entire class of examples of D-spaces known at the present
time. Note that all results in §§3 and 5 on the function space properties of
derivatives apply to maps defined on domains in exponential quasinormable spaces.
Incidentally, [4] also shows that there exist separable reflexive Fréchet spaces which
are not D-spaces.

Let kK € N. We know that CK(W,Z)c ¥%(W,Z), and that in general the
inclusion is strict (e.g. if ¥ and Z are French spaces and V is infinite-dimensional).
We also know that CK(W,Z)=%%(W,Z) if V and Z are finite-dimensional
spaces. We next discuss a more general condition which implies this equality.

5.19. THEOREM. Assume that V is a D-space such that bounded sets in V are
precompact, and let Z be any locally convex space. Then CX(W,Z) = S KW, Z) for
allk € N.

PROOF. Let k € N, and let f€ (W, Z). We must show that f is C*. By
Theorem 5.11, each D/f is a D-map for 1 <j < k — 1, so it suffices to show that
D*f is a D-map. Assume that L*(V, Z) has the precompact-open topology. By the
comments at the end of §3, it follows that D*f: W — L*(V, Z) is continuous. Since
bounded subsets of V are precompact, LX(V,Z)= LK(V,Z). Thus D*f: W —
LX(V, Z) is continuous. Since V is a D-space, this implies that D*f is a D-map. O

5.20. COROLLARY. Assume that V is an exponential Schwartz space, and let Z be
any locally convex space. Then CX(W,Z) = S*(W, Z) forall k € N.

Let f: W — Z. It only remains to show that the definition of C* differentiability
for f in this article is equivalent to the definition of C* differentiability in [1] when
V is a D-space. For the case k = 1, the converse to the Mean Value Theorem for
D-space calculus [1, Lemma 2.8] implies that the two definitions of C! differentiabil-
ity are equivalent. For k > 1, f is defined to be C* in [1] if f is C' and Df:
W — LL(V,Z)is C¥~ 1. Letting j = 1 in Corollary 5.18, we see that f is C* in the
sense of this article if and only if f is C' and Df is C*~!. Thus the two definitions
of C* differentiability are equivalent when V is a D-space. Since the definition of C*
differentiability in [1] extends the classical definition of C* differentiability in the
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Banach space category, it follows that the definition of C* differentiability in this
article is equivalent to the classical definition of C* differentiability when V and Z
are Banach spaces.
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